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Abstract: The validity of a previously proposed momentum space ansatz for threshold 
resummation of the non-singlet longitudinal structure function Fi is checked against ex- 
isting finite order three-loop results. It is found that the ansatz, which is an assumption 
for the large- £ behavior of the physical evolution kernel, does not work beyond the leading 
logarithmic contributions to the kernel even at 0(1/(1 — x)) order (except at large-/3o), 
which is consistent with a recent observation of Moch and Vogt. Corrections down by one 
power of 1 — x are also studied. At 0((1 — x)°) order, the corresponding ansatz fails already 
at the leading logarithmic level, where the situation appears similar to that encountered in 
the case of the F{ (i = 1, 2, 3) structure functions. At the next-to-leading logarithmic level, 
the same term (with opposite sign) responsible for the failure of the ansatz at 0(1/(1 — x)) 
order is found to occur. 
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1. Introduction 

Threshold resummation, which deals with the resummation to all orders of perturbation 
theory of the large logarithmic corrections arising from the incomplete cancellation of soft 
and collinear gluons at the edge of phase space, is by now a well developed topic [1,2] in 
perturbative QCD. Latter, the subject was extended [3-5] to cover also the resummation 
of logarithmically enhanced terms which are suppressed by some power of the gluon energy 
(1 — x) for x — ► 1 in momentum space (or by some power of 1/N, N — > oo in moment 
space) , concentrating on the case of the longitudinal structure function Fl in Deep Inelastic 
Scattering (DIS) where these corrections are actually the leading terms. Some renewed 
interest has been expressed recently in this subject [6-12]. In particular, in [7] a very simple 
form was obtained for the structure of threshold resummation at all orders in (1 — x) in 
the large-/3o limit in momentum space for the F^ structure function, and a straightforward 
generalization of the large-/?o result to finite (3q was suggested, and further developed 
in [11]. The ansatz in [7, 11] was obtained by working at the level of the momentum space 
physical evolution kernels (or 'physical anomalous dimensions', see e.g. [13-17]), which are 
infrared and collinear safe quantities describing the physical scaling violation, where the 
structure of the result appears to be particularly transparent. Moreover an ansatz for the 
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momentum space physical evolution kernel in the case of Fl, similar to that for F2, was 
suggested in [7]. The purpose of this paper is to check the latter ansatz using the exact 
three- loop calculations of the longitudinal structure function of [18, 19], and to compare 
with the closely related approach of [10]. At leading order in 1 — x, it is found that the 
conjecture (section 2) proposed in [7] does not actually work beyond leading logarithms 
(section 3), except at large-/?o, which is consistent with a recent observation of [10]. In 
section 4, an extended ansatz is investigated at the next order in 1 — x, where it is found to 
fail already at the leading logarithmic level, as in the case of F^. Concluding remarks are 
given in section 5, and more technical details are exposed in four appendix. In particular, 
the large-/3o case is treated extensively in appendix D. 



2. The ansatz 

The scale-dependence of the deep inelastic "coefficient functions" C a= 2,i(x, Q 2 , n 2 F ) corre- 
sponding to the flavor non-singlet F a (x, Q 2 ) structure functions (F a (x,Q 2 )/x = C a (x, Q 2 , fi F ) 
Qa,ns{x, A*f)> wnere 1a,ns{x, fip) is the corresponding quark distribution) can be expressed 
in terms of C a (x, Q 2 ,/! 2 ?) itself, yielding the following evolution equation (see e.g. Refs. [14, 

15 ' 17]): 

^if Q f F) =(7 K a (x/z, Q 2 ) Ca(z, Q 2 ,Vf) , (2.1) 



where fj,p is the factorization scale (we assume for definitness the MS factorization scheme 
is used). K a (x,Q 2 ) is the momentum space physical evolution kernel, or physical anoma- 
lous dimension; it is independent of the factorization scale and renormalization-scheme 
invariant. In [20], using standard results [1,2] of Sudakov resummation in moment space, 
the result for the leading contribution to this quantity in the x — > 1 limit was derived for 
a = 2 (we supress the subscript a = 2 for simplicity in this case): 



where ^(Q 2 ) is the the quark form factor, and J{Q 2 )-, the 'physical Sudakov anomalous 
dimension' (a renormalization sheme invariant quantity), is given by: 



J(Q 2 )=H<Q 2 )) + dB fS )] (2 ' 3) 

= A(a s (Q 2 ))+(3(a s (Q 2 )) ™ 

where 

00 

A(a s )=J2M (2-4) 

i=i 

is the universal "cusp" anomalous dimension [21] (with a s = ^ the MS coupling), 

(3(a s ) = ^2 = "A) <% -Pi 4- 02 4 + ... (2.5) 
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is the beta function (with (3q = ^-Ca — \ n f) and 

oo 

B{a s ) = Y J B i a l s (2.6) 

is the standard final state "jet function" anomalous dimension. It should be noted that both 
A(a s ) and B(a s ) (in contrast to J(Q 2 )) are renormalization scheme-dependent quantities. 
Eq.(2.2) shows that threshold resummation takes a very simple form directly in momentum- 
space when dealing with the physical evolution kernel: J ((1 — x)Q 2 ) /(l — x) is the leading 
term in the expansion of the physical momentum space kernel K(x,Q 2 ) in the x — > 1 limit 
with (1 — x)Q 2 fixed, and all threshold logarithms are absorbed into the single scale (1 — 
x)Q 2 . The term proportional to 5(1— x) is comprised of purely virtual corrections associated 
with the quark form factor. This term is infrared divergent, but the singularity cancels 
exactly upon integrating over x with the divergence of the integral of J ((1 — x)Q 2 ) /(l — x) 
near x — > 1. Indeed eq.(2.2) can be written equivalently [20] in term of infrared finite 
quantities as: 



j{(l-x)Q 2 ) 



( 



+ 



d\n{T{Q 2 )f f Q 



dlnQ 2 



o A* 



1 -x 

J+ 1> 

\ infrared finite 

where the integration prescription []+ is defined by 



6(1 -x), (2.7) 



dx F(x) 



j((l-x)Q 2 ) 



1-x 



l\( m - ni )(£«£m\. ( ,8, 



In [7], it was suggested that a result similar to eq.(2.7) could also be valid for the 
(non-singlet) longitudinal structure function Fl(x,Q 2 ) (with a different physical Sudakov 
anomalous dimension Jl and a different coefficient B(Q 2 ) of the 5(1 — x) term), namely, 
for x — > 1: 



K L (x,Q 2 



J L ((1 - x)Q 2 ) 



1-x 



+ B(Q 2 )5(l-x) 



(2.9) 



where 



JdQ>)=A(a,m + dBL(a ' m 



dlnQ 2 

= A(a s (Q 2 ))+f3(a s (Q 2 )) 



(2.10) 



dB L (a s (Q 2 )) 



da* 



with 



B L (a s ) = J2 B L,i4 



(2.11) 



i=i 
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and 

oo 

B{Q 2 ) = Y J b {i) a\{Q 2 ). (2.12) 
i=l 

3. Checking the ansatz 

Let us first derive the G(cP s ) exact result. Starting from the expansion of the moment space 
coefficient function 

C L (Q 2 ,N,fi 2 F )= f 1 dxx N - 1 C L (x,Q 2 ,^ 2 F ) (3.1) 
Jo 

at fj? F = Q 2 : 

oo 

C L (N,a s ) = C L (Q 2 ,N^ 2 F = Q 2 ) =Y J cf{N)a i s (3.2) 



i=i 



where a s = a s (Q 1 ), the moment space "physical evolution kernel" 



K L {Q\N) = j\ XX ^K L{x ,Q 2 ) = d * CL ^£ yp) (3.3) 



is given by: 



KUQ 2 , N) = 7 (iV, a.) + ^s) dlnCL d ( ^ as) , (3.4) 

where ^(N,a s ) = 7*(-^0 a s +1 ^ s ^ ne non-singlet anomalous dimension in Mellin space. 
Hence: 



K L (Q 2 , N) = [ l0 (N) - fa]a s + [ 7l (iV) -fa- fa A 2 (N)]a 2 

+ [ 72 (A0 -fa-Pi A 2 (N) - fa (2A 3 (iV) - A 2 (iY) 2 )]^ + ... , (3.5) 



where 

A.(iV) = ^{ . (3.6) 
Thus for the momentum space kernel one gets: 

K L (x,Q 2 ) = P (x) a s + [Pi (a:) - fa A 2 (x)]a 2 

+[P 2 (x) - fa A 2 (x) - fa(2A z (x) - Af(x))]al + ... (3.7) 
-{fa a s + faa 2 + fa a 3 s + ...)5(1 - x) , 

where Pi{x) are the standard (i + l)-loop splitting functions, 
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A 'W = -i^l(^) + «( 1 -^ < 3 ' 8 > 

is the inverse Mellin of Aj(iV), with the delta function coefficients 5i to be determined 1 
accordingly: 

MN) = C dxx N - l &i(x) , (3.9) 
J o 

and Af l2 (x) = A2(x) <S> A.2(x). Moreover c^\x) is the inverse Mellin of c^(iV) defined in 
eq.(3.2): 

,■ 1 

cf(N)= dxx N - l cf{x), (3.10) 

such that 

oo 

C L (x,Q^ = Q 2 ) = X>?(*K ; (3 n) 

i=l 

and the input c^iV) = 4C F /(N + 1) has been used. 

Considering now the x — ► 1 limit, the leading 0(1/(1 — a;)) term in the physical kernel 
Kl(x, Q 2 ) to ©(af) can be derived from the well-known result [22] for the splitting functions 

where the Ai are known [23, 24] up to i = 3, together with the the two [25-27] and three 
loop [10, 12, 18, 19] results for the longitudinal coefficient function. The result of the exact 
calculation is most easily stated by comparing it with the result following from the ansatz 
eq.(2.9). 

The renormalization group invariance of Jl yields the standard relation: 



J L ((1 - x)Q 2 ) = a s + a 2 [-j L ,iPoL x +j L ,2] (3.13) 
+ al[j L ^lL 2 x - {jl^ + 2j Li2 p )L x +j L>3 ] 

+ a 4 s [-j L:1 $L 3 x + (-j L ,iPiPo + 3jl,2$)L 2 x - {j L:1 fo + 2j L ,2pi + SjlML x + jl, 4 ] + ... , 

where a s = a s (Q 2 ) and L x = ln(l — x). Comparing eq.(2.9) and (3.13) with the exact 
result for the leading (9(1/(1 — x)) term in Kl(x,Q 2 ), one finds (see appendices (A-C)): 

i) The leading logarithms in the exact result agree with the leading logarithms in 
eq.(3.13), provided 

j L ,i = A 1 = AC F . (3.14) 



1 (?2 is given in eq.(B.2). 
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Eq.(3.14) corresponds to eq.(7) in [10]. I note that this result implies that the n ^ 
terms present separately in A3 (a;) and Af 2 (3;) cancel in the combination 2 A3 (a:) — A® 2 (a;). 

ii) There is a discrepancy at the next-to- leading logarithmic level, starting at O(o? s ), 
namely: 

Comparing the 0(a 2 ) term in eq.(3.13) with the corresponding term in the exact result, 
one determines 

j L ,2 = A 2 + /?o(A) - C F ) + 4/3 (l - (2)(C A - 2C F ) , (3.15) 

with the two-loop cusp anomalous dimension A 2 = (16/3 — 8( 2 )CfCa + (20/3)CfPo- 
Eq.(3.15) fixes B LA (see eq.(2.10)): 

B L ,i = -[(3 -C f + 4(1 - Q 2 ){C A - 2C F )] . (3.16) 

However, comparing with the exact coefficient of the single i£iL_£) term occurring at 0(a%) 

in Kl(x,Q 2 ), one finds the latter is not given by —(Jl,iPi + IjLpPo) as predicted 

by eq.(2.9) and (3.13), but rather by: 

-\3L,iih + 2(JL,2 + A Lt2 )f3 ] H ^~* ] , (3.17) 

with 

A L , 2 = -16(CU - 2C F f{l - 3C 2 + C 2 2 + Cs) • (3-18) 
Eq.(3.17) and (3.18) represent the equivalent of eq.(22) of [10] at the level of the physical 
kernel. Furthermore, could be extracted from the O(a^) non-logarithmic terms, and 
thus also Bl,2, since (eq.(2.10)): 

3L,3 = A 3 -(3 1 B LA - 2p B Lt2 . (3.19) 

Large (3$ case: it shown in appendix D that eq.(2.9) is indeed valid at large-/?o, where 
it takes the more special form: 

+ £oo(Q 2 H(i-z) , (3.20) 

+ 

i.e. Jl {Q 2 ) I largc p Q = hi " * s * ne derivative of the large- (3q delta function coefficient 
^ (Q 2 ) I large ft = &oo(Q 2 )- Collecting all the 5 function contributions in eq.(3.7) one easily 
finds, since the splitting functions contributions can be neglected at large (3q: 



Kl(x,Q 2 )\ 



dB 00 ({l-x)Q 2 )/d\nQ 2 



large ft 



1 — X 



B (Q 2 ) llarge ft = ~ A) Harge ft ^ + 0(a») 

19 

= -(3 a s - -P 2 a 2 s + 0(al) , (3.21) 

where I used eq.(B.2) to get ^2li arge ft = \jPo, which agrees with the value ^ 2 ^|i arge/3o = 
— (3q = — ^/3q derived in a different manner in eqs.(D.21) and (D.29). Comparing 
eq.(3.20) with eq.(2.10) also shows that B (Q 2 ) | large ^ = B L (a s (Q 2 )) | largc 
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4. Threshold resummation beyond leading order 



One can also try to resum large x — > 1 logarithms suppressed by one power of 1 — x wih 
respect to the leading terms. Here the situation looks similar to the one prevailing [11,12] 
for the Fi (i = 1,2,3) structure functions. The exact calculation gives for x — ► 1: 



K L (x,Q 2 ) 



1 



x 



j L ,i a s + a 2 s [-j Lil (3 L x + j Li2 ] 



+ ai\j Ltl 0$Li - (Jl,iPi + 2(jl,2 + A L , 2 )p )L x + Jl, 3 ] + 0[a 



+ 



-3L,i a s + a 2 s (16C 2 L x + O(L x )) 
+4(-24(3 Q C 2 F L 2 x + 0(L X )) + O(ai) 

where I used that [23,24,28,29]: 



(4.1) 



A, 



P (x) ~ _J- - + 0(1 - x) 
1 — x 

P 2 (x) ~ ^ + 2A 1 A 2 L X + 0(L° X ) , 



(4.2) 



and the 8(1 — x) terms have been dropped. 

Leading logarithms: considering first the leading logarithms in the last two lines of eq.(4.1) 
suggests to try the ansatz 2 involving a single 'explicit' logarithm (ignoring for the moment 
the 'anomalous' next-to-leading logarithmic contribution to the (9(1/(1 — x)) term): 



-Jl ((1 - x)Q 2 ) + J 0L ((1 - x)Q 2 ) ln(l - x) - j L:1 a s + 0(a 2 ) , (4.3) 



K L (x,Q 2 )~j 

where the 0(a 2 ) part refers to terms which contribute only to sub-leading logarithms. 
Setting: 

Jol ((1 - x)Q 2 ) = j 0L<2 a 2 + a 3 s (-2jo L>2 poL x )+j 0Lt3 ) + ... , (4.4) 
one must require: 

Jol,2 = WC 2 F (4.5) 

to match the coefficient of the a 2 L x term in Kl(x,Q 2 ). The ansatz eq.(4.3) then predicts 
the coefficient of the a^L 2 term to be —32C F @o, instead of the exact value —24C f (3q. I 
note however that the color factors are correctly reproduced (as well as the absence of 
Riemann £ function contributions). The exact result also shows that the L 2 term in the 
combination 2A^(x) — A|" 2 (a;) occurring in eq.(3.7) is contributed only by the C F color 



2 An expansion in 1/(1 — x), rather then in 1/r = x/(l — x) as in the case of the F2 structure function, 
appears more appropriate here, leading to a simpler result eq.(4.5). 



-7- 



factor, which implies the corresponding contributions of the CfPo an d CfCa color factors 
cancel between A3 (a;) and Af 2 (x): this observation allows to relate 3-loop coefficients to 
2-loop ones for these color factors. 

Moreover, both the exact and the predicted values of the coefficient of the 0(af) CpfioL 2 , 
term turn out to be the same [11,12] for the physical evolution kernels Ki associated to F-i 
(i = 1,2,3) and for Kl- This equality may well be accidental, since this O(a^) coefficient 
is contributed by 3-loop coefficient functions in the case of Kl, but by 2-loop ones in the 
case of Ki. If however there is a deeper reason for it, one would predict the 0(aj.) C f 0qL x 
term in Kl (contributed by 4-loop coefficient functions) to be given by ^-C f (3qL x , namely 
by the corresponding 0(af) C f /3qL x term [11,12] in K- L (contributed by 3-loop coefficient 
functions). 

Next-to-leading logarithms: using the results in [10], it is also possible to compute the 
coefficient of the a? s O{L x ) term in the last line of eq.(4.1), which requires in addition 
the knowledge of dsi + C31 (in the notation of appendix A); the latter information can 
be derived [32] from the exact results in [19]. An interesting fact emerges concerning the 
'anomalous' Al,2 contribution. In leading 1/(1 — x) order, it was defined as a discrepancy 
with respect to the prediction of the ansatz eq.(2.9). It turns out it also coincides with the 
contribution of the 0(af) (3q{Ca — 2Cf) 2 'non-planar' color factor, if one uses a basis of 
color factors made of products of the three basic factors Cf, C\ — 2Cf and /3q. In this 
basis, one finds the contribution of the o? s (5q{Ca — 2Cf) 2 L x term to be minus that of the 
corresponding af/?o(CU - 2Cf) 2 L x /(1 - x) term. Namely the C(af) (3q(Ca - 2Cf) 2 single 
logarithmic contribution to Kl is given by (see eq.(C.3)): 



5. Conclusion 

The suggestion that the longitudinal physical evolution kernel depends at large x upon the 
single scale (1 — x)Q 2 (similarly to the physical kernels Ki associated to the Fi structure 
functions, i = 1,2,3), which is indeed correct in the large-/?o limit, is seen to fail at finite 
Po even in the leading 0(1/(1 — x)) order. While the ansatz is probably sustained to all 
orders in a s at the level of the leading logarithmic contributions to the kernel, an obstacle to 
threshold resummation appears at 0(a? s ) in the next-to-leading logarithmic contribution. 
Interestingly, the very same next-to-leading logarithmic term responsible for the problem 
also shows up in the kernel (but with opposite sign) at 0((1 — x)°) order. At the same 
0((1 — x)°) order, another obstruction to threshold resummation already appears in Kl 
at the leading logarithmic level, which looks more similar to the one encountered [11, 12] 
in the case of the K^s ( i = 1,2,3). The results in [12] make it clear that the success 
of the present 0(1/(1 — x)) ansatz for Kl at the leading logarithmic level is related to 
the universality [11, 12] of the leading logarithmic contribution to the K^s at 0((1 — x)°) 
order. It would be interesting to find out whether the additional relations in Kl observed 
in the present paper at 0((1 — a;) ) order, if not accidental, could also be linked to a simple 
property of the difference K\ — K2. 




(4.6) 



8 
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d 34: + c 34 = 
d 3 3 + c 33 = 64Cf 

d 32 + C32 = 8C 2 F [C F - 9/3 - 20(1 - Q 2 ){C A - 2C F )] . 



(A.7) 



Moreover one can also derive [32] C31 and d 3 \ from the results in [19]. Here I quote the 
outcome for d%\ + C31: 



^31 + C31 = 



(0 x Cs + x d + ...)C 2 + 24/3 2 + ^C F /3 + (240 - 192C 2 )(C A - 2C F )(3 



+(-192C 3 + x C| + ...)Cf(CU - 2C F ) - 64(C 3 - C 2 )(C A - 2C F ) 2 



(A.8) 



where only the (3-dependent terms (there is no C 2 term) have been written down for the 
C f {Ca — 2C F ) color factor (the C F factor has no £3 contribution either). 

B. Soft parts of A 2 (x) and Af 2 (x) 
For x — > 1, one obtains using eq.(3.8): 



A 2 (x) 



1 



4C F 
1 

4 



2C 22 



ln(l — x) 



+ C21- 



1 



+ 5 2 5(1 - x) 



4C F L 



1 — X 1 — X 

(d 2 2 + C22) ln 2 (l - x) + (d 2i + c 2 i + 2(i 2 2 - 2c 2 2) ln(l - x) + d 20 + c 2 o + tfei - c 2 \ 



(B.l) 



where the ln p (l — x)/(l — x) terms (p > 0) should be interpreted as usual as +-distributions, 
which implies that 



AC F 



C20 , 



(B.2) 



with C20 given in eq.(A.4). One thus gets: 



A 2 (x) 



- [AC F ln(l - x) + B L>1 ] + 5 2 5(l-x) 



1 — x 

+0 x ln(l - x) + 10C F - 2p - B LA , 



(B.3) 



where Bl,i is given in eq.(3.16). I note that not only the C(ln 2 (l — x)) term, but also the 
(9(ln(l — x)) term, is absent in eq.(B.3). 

Using e.g. the formulas in Appendix A of [11], one deduces the soft part of Af 2 (x): 



ln 3 (l-x) ln 2 (l-x) ln(l-x) 



Af 2 (x) = a, L " ' + a 2 \ K± + a, 
1 — x 1 — x 



1 — X 



+ a 



1 - x 



(B.4) 



+63 ln 3 (l - x) + b 2 ln 2 (l - x) + 61 ln(l - x) + b , 
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(where the (5(1 — x) term has been skept), with: 



a 3 = 16Cf (B.5) 

a 2 = 12CH-/% + C F - 4(1 - C 2 )(C A - 2C F )] 

ai = -32C 2 C| + 8C F <5 2 + 2S£ A 

ao = -8( 2 C F B Ltl + 32( 3 C 2 F + 2£ L , 1 <5 2 , 

and: 



6 3 = (B.6) 
b 2 = 4C F [-A, + 13C F + 4(1 - C 2 )(C A - 2C F )] 
h = 2B Lyl {UC F -2f3 )-2Bl 1 . 

Eqs.(B.5) and (B.6) yield: 

182 64 
ai = (-— - UC 2 )C 2 F + 2(3l + —C F (3 + 16(1 - C 2 )(C A - 2C F )(3 

+ 48C 2 - 48C 3 )C F (C A - 2C F ) + 32(1 - C 2 f{C A - 2C F f , (B.7) 



61 = -30Cf - 6/3 2 + 36C F /3 - 32(1 - C 2 )(C A - 2C F )/3 

+128(1 - Q 2 )C F {C A - 2C F ) - 32(1 - t 2 f{C A - 2C F f . (B.8) 

I note that 61 (contrary to a\) does not have any (3 contribution: this fact (as well as the 
vanishing of 63) is due to the absence of a C(ln(l — x)) term in eq.(B.3). 

C. Soft part of A 3 (x) 
For x — > 1, eq.(3.8) yields: 



a / \ 1 r. ln 3 (l-x) ln 2 (l-x) ln(l-x) 1 . 

+(d 3 4 + c 34 ) ln 4 (l -x) + (d 33 + c 33 + 4d 34 - 4c 34 ) ln 3 (l - x) 

+{d 32 + c 32 + 3d 33 - 3c 33 ) ln 2 (l - x) + (d 3 i + c 3 i + 2d 32 - 2c 32 ) ln(l - x) + ... , 

where the (5(1 — x) term has been skept. One thus gets: 



- 11 - 



A 3 (x) = j^— [8C|ln 3 (l - x) + C F ( - 8/3 + 6C F - 24(1 - ( 2 )(C A - 2C F )) ln 2 (l - x) 

+ ((-24C 3 + x C| + ...)C F {C A ~ 2Cf) - 16(Cs - C 2 )(C A - 2C F ) 2 + ...) ln(l - x) + . 
+ [0 x ln 3 (l - x) + 2C F ( - A) + 19C F + 4(1 - C 2 )(C A - 2C F )) ln 2 (l - x) (C.2) 
+ ((0 x C 3 + x Cl + ...)C F (C A - 2C F ) + 16(Ca - C 2 )(C A - 2C F ) 2 + ...) ln(l - x) + ...] , 

where only the contribution of the (Ca — 2C F ) 2 color factor, as well as the (3 contribution 
to the C f (Ca — 2C F ) factor (which has no (f contribution), have been written down in the 
coefficients of the ln(l — x) /(l — x) and 3 ln(l — x) terms (the other color factors have no (3, 
nor (|, contributions). I note that not only the C(ln 4 (l — x)), but also the 0(ln 3 (l — x)) 
terms are absent in the 0((1 — x)°) part of eq.(C.2). Moreover the (Ca — 2C F ) 2 color 
factor contributions to the ln(l — x)/(l — x) and ln(l — x) terms are equal up to a sign, 
and the same statement holds for the corresponding contributions in Af 2 (x), see eq.(B.7) 
and (B.8). 

Consider now the combination 2As(x) — Af 2 (x) occurring at 0(a 3 ) in eq.(3.7). Using 
the above results, one finds: 

2A 3 (x) - Af (x) = -4C F /3 ln2 1 (1 _" x X) + (2A L , 2 + - ^'f + ... (C.3) 
+ (24Cf + x C F p + x C F C A ) ln 2 (l - x) + (-2A L , 2 + ...) ln(l - x) + ... , 

with 



A L ,2 = -16[C 3 - C2 + (1 - (2) 2 }(C A - 2C F f , (C.4) 

where the (3 — C2 term arises from A3 (a;), and the (1 — C2) 2 term from A® 2 (x). Eq.(C.4) 
agrees with eq.(3.18). One observes that: 

i) Concerning leading logarithms: the C f (3q and C F C A color factors contributions to the 
ln 2 (l — x) term have cancelled between A 3 (x) and Af 2 (x). 

ii) Concerning next-to-leading logarithms: only the (Ca — 2C F ) 2 color factor contribution 
to the ln(l — x)/(l — x) and ln(l — x) terms has been written down in eq.(C.3), since the 
other color factors do not have any (3, nor (f, terms: in particular, the (3 parts of the 
C f (Ca — 2C f ) factor have cancelled between the A 3 (x) and the Af 2 (x) contributions to the 
ln(l — x)/(l — x) coefficient. Again, I note that the (Ca — 2C F ) 2 color factor contributions 
to the ln(l — x)/(l — x) and ln(l — x) terms are equal up to a sign, as follows from a previous 
remark. 



D. Large- (3 results 

The large-n/ ("large-/3o") longitudinal coefficient function has been computed to all orders 
in a s by various methods [33-35]. Here I use the dispersive approach of [34] to derive 

3 The Cf(Ca — 2Cf) color factor in the coefficient of the ln(f — x) term has no (3 contribution either. 
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eq.(3.20). The derivation is not quite trivial and proceeds in two steps: 1) first one proves 
the existence of a momentum space threshold resummation formula for the coefficient 
function itself, namely as x — ► 1: 

CL(z,Q 2 )| large/3o ~C Lfi {{l-x)Q 2 ) • (D.l) 
2) Next, one shows that eq.(D.l) implies eq.(3.20). 

D.l Coefficient function 

To derive eq.(D.l), I use a method similar to the one in [7], based on a dispersive approach 
[34,36-38]. I first observe the large- (3o longitudinal coefficient function Cl itself (at the 
difference of C2) obeys the dispersive representation: 



c L(x,Q 2 )\ laxge/3o =±C F r^ a ^ nk {^)T L (^/Q\x) , (D.2) 

J 

where J-l((j, 2 /Q 2 , x) is the longitudinal 'characteristic function' (with Tl = — /^^pOi 
which has been computed in [34]. In eq.(D.2) ay tnk {ii 2 ) is a 'Minkowkian coupling', related 
formally (i.e. barring the Landau pole) to the one-loop V-scheme coupling 



a s (Q 2 ) 
1 - lp a s (Q 2 ) 



by the dispersion relation: 



L 



dfi 2 a™ mk {ii 2 
Q 2 (l + v 2 /Q 2 ) 2 • 



Throughout this appendix, a s (Q 2 ) is the one- loop MS coupling and (3q = —\nf is defined 
as the abelian (large-nj) part of the one loop beta function coefficient. Next, one takes 
the x — > 1 expansion under the integral (D.2) with a fixed invariant jet mass W 2 = 
Q 2 (l — x)/x = Q 2 r. Starting from the expression for JF^(e, x) (with e = /Q 2 ): 

F L {e,x) =J 7 P(e,x)6(l-x-ex) (D.5) 

where T^\e,x) is the real gluon emission contribution (there is no virtual contribution), 
and using the explicit expression for J^\e,x) in [34], one obtains the small r expansion 
(atyfeed£=f = ^): 

^\e,x)=^U0+r^h0 + O(r 2 ) , (D.6) 



with 



Thus (■ = -11 2 d 



(D1) 

^!(e) = -(i + 4eine + 2^-3^ 2 ) . 



^He,x)=m(0+r^U0 + O(r 2 ) , (D.8) 
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with 

j£>(0 = 2£-2£ 2 
*£>(0 = 4£ln£ + 6£ 

Using these results into eq.(D.5), and noting that 

0(1 -x- ex) 1) , (D.10) 

one gets: 

F L (e,x) =F L ,o(0+rFL,i(0 + 0(r 2 ) (D.ll) 

with 

^,i(o=Jt!(o^<i), ( D - 12 ) 

and also 

^L(e,x)=^ L , (e)+rJ^,i(0 + O(r 2 ) (D.13) 

with 

^(0=^1(0^ <1), (D.H) 

where I used the fact that all the terms in (D.6) vanish at £ = 1 (which allows to 

treat the 6 function effectively as a multiplicative constant when taking the derivative). 
This feature actually follows from the stronger property that the exact function T^\e,x), 
as well as its first derivative j^\e,x), both vanish at £ = 1, i.e. for e = Indeed one 
finds, expanding around £ = 1 at fixed r: 

^ ) ( e ,x) = (l + r)(l-£) 2 + 0((l-£) 3 ) . (D.15) 

Reporting eq.(D.13) into (D.2), one thus obtains the small r expansion (r = (1 — x)/x) of 
the (large- /?o) longitudinal coefficient function: 

C &> Q 2 )L gc ft, = Cl,o (W 2 ) +rC L , l (W 2 ) + O (r 2 ) (D.16) 
with (£ = n 2 /W 2 ): 

C L , t (W 2 )=4C F n^ a *? ink ((/)AA0 ■ ( D -!7) 
Jo A* 

Eq.(D.16) shows that there is a momentum space threshold resummation formula valid to 
all orders in 1 — x for the coefficient function itself, whose leading order term proves in 
particular eq.(D.l). 



-6£ 2 . 



(D.9) 



- 14 - 



As a by-product, eq.(D.17) also gives the dispersive representations of the Ci,i functions. 
I note that ^L,i(0) = (see eq.(D.9)), as it should for eq.(D.17) to be infrared finite. This 
result follows from the observation that (e = 0, x) is finite: 

^\e = 0,x) =x , (D.18) 

which guarantees the vanishing of its logarithmic derivative at e = (or equivalently £ = 0) 
for any x (equivalently any r) : 

jj[\e = 0,x) = . (D.19) 

I further note that Fl,o(Q is analytic for £ — > 0, which implies [36-38] the leading function 
Cl,o does not have infrared renormalons. On the other hand, the vanishing for £ — > 
of J-L,i(0 is logarithmically enhanced, hence non-analytic, for i > 1, which implies renor- 
malons in the subleading Cx, j (i > 1) functions. 

Finally, the perturbative expansion in the MS scheme of the Cl,i functions can easily 
be obtained from eq.(D.3), (D.4), (D.9), (D.14) and (D.17). Setting: 

oo 

ClAQ 2 ) = ±C F J>or 'eg ai , (D.20) 

3=1 

one finds (e.g. for the first five orders of the leading i = function): 



c (1) - 
C L,0 — 


1 




c (2) - 

C L,0 — 


19 

IF 




c (3) - 

C L,0 — 


203 
~18 ~ 


2(2 


c (4) - 

C L,0 — 


4955 
108 


-19C2 


c (5) - 

C L,0 ~ 


34883 
162 


406 
~ ~3~ 



C2 + yCl • (D.21) 

We shall also need the moment space version of eq.(D.l). Taking the moments, one gets 
at large N: 

C L (N,a s ) -/ dxx N ' 1 C Lfl ((l-x)Q 2 ) . (D.22) 

large /3 J 

Renormalization group invariance at large- (3q implies: 



C Li0 ((l - x)Q 2 ) = AC F [a s + a 2 s f3 {-L x + eg) + a* /3 2 (4 - 2c£ , L a! + cf Q ) 

+a 4 s Pl(-Ll + 3cg } L2 - 3c%L x + cg> ) (D.23) 
+al ft{Li - 4c%Ll + 6c%Ll - Ac%L x + eg) + 0(a«) 

where -L x = ln(l — x). Using eq.(D.23) into (D.22) then yields, for N — > oo: 
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C L (N, a s ) 



large P 



AC F 



a s + a 2 p (L + eg) + a 3 p 2 (l 2 + 2c%L + eg, + C 2 ' 



+a 4 s Pi (P + 3ci 2) Z 2 + (3c% + 3( 2 )L + eg + 3C 2 cg ) + 2( 3 



+4 /? 4 (Z 4 + 4ci 2) L 3 + (6ci 3) + 6C 2 )L 2 + (4cg + + 8( 3 )L 



(D.24) 



where L = In N + ^e- Eq.(D.21) and (D.24) can be checked more directly using the results 
in [35]. However, the advantage of the dispersive approach used here is that it gives a proof 
of eq.(D.l) to all orders in a s . 

D.2 Physical evolution kernel 

To show eq.(D.l) implies eq.(3.20) one proceeds again in two steps: 1) first, one proves 
that eq.(D.l) implies in moment space for N — > oo: 



Kl(Q 2 ,N) 



large p 



N 



f 

Jo 



dx x N ^ £oo((l - x)Q z ) 



(D.25) 



where B^Q 2 ) is a large-/3o renormalization group invariant quantity similar to Cl,o{Q 2 ), 
which satisfies an analogue of eq.(D.23): 

Boo((l - *)Q 2 ) = -Po [as + a 2 P (-L x + bg) + a 3 s p 2 (L 2 x - 2b<$L x + &£>) 

+a 4 ${-L% + 3b^L 2 x - 3bg>L x + &&>) (D.26) 
+a 5 s (3 4 (Li - 4bgL 3 x + 66® L 2 - 4bg*L x + bg) + 0(a e s ) 

2) Next, one shows that eq.(D.25) implies eq.(3.20). 

1) One notes that eq.(D.25) and (D.26 ) imply for N — > oo (similarly to eq.(D.24)): 



K L (Q 2 ,N) 



large Po 



-Po 



a s + a 2 Po ( L + 6g) + a 3 m~L 2 + 2b<gL + &£> + £ 



+a 4 /3 3 (Z 3 + 3&$L 2 + (36g) + 3C 2 )Z + + 3^ + 2C 3 ) 
+a 5 s /3 4 (Z 4 + 46$ Z 3 + (66g) + 6C 2 )Z 2 + (4&£> + 12C 2 ^ } + 8Cs)Z 



(D.27) 



On the other hand, eq.(3.4) yields at large-/?o (where the anomalous dimension term can 
be neglected): 



K L {Q\N) 



large Po 



= -Po a s 



din C L (N, a s ) 
da s 



large P 



(D.28) 
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Using eq.(D.24) into eq.(D.28), one then finds that the latter is indeed consistent with 
eq.(D.27), and determines: 



6( 2 ) - c (2) 

u oo — C L ,0 



(D.29) 



^ = 3ci 4) + (c[ 2) ) 3 - 3c%cf; + 3C 2 ci 2 i + 4 C 3 

m = *£> - (c^ + ±&c% - 2(c%) 2 - <) c a + a&cgj, - 2^? + 16^ + £c 

which checks eq.(D.25) up to 0(af) order (the check can be clearly performed to arbitrary 
high order). 

2) To show that eq.(D.25) implies eq.(3.20), it is convenient to introduce the formal 
(i.e. infrared divergent at x = 1) Mellin moment integral: 



2 

2 > 



E(Q\N)^ f 1 
Jo 



dx x 1 "- 1 - Eoo(W) 
r 



(D.30) 



where W 2 = rQ 2 with r = (1 — x)/x. One first observes that dE/dlnQ 2 is finite. Indeed, 
eq.(D.30) can be written equivalently as: 



E(Q 2 ,N) 



dx 



c N -'- B^W 2 ) - — L- ^((1 - x)Q 2 ) 



1 — x 



elk 2 



JO 



x 



JV-l 



- £oc(^ 2 



+ 



Z^ 2 dk 2 



) 



(D.31) 



where the first integral on the right hand side is finite, and the infrared divergence is 
entirely contained in the second integral. Taking the derivative one thus gets: 



dE(Q 2 ,N) 
dlnQ 2 



dx x 



N-l 



1 dB^W 2 



r dlnQ 2 



+ B 00 (Q 2 ) 



(D.32) 



where the right hand side is finite. Eq.(D.32) also shows that dE{Q 2 , N) / dhiQ 2 is the 



Mellin moment of 



1 dBoojW^) 
r din Q 2 



+ B O0 (Q 2 )5(l-x). 

On the other hand, performing the change of variable r = k 2 /Q 2 in the integral of 
eq.(D.30), one gets: 



E(Q 2 ,N)^ [ 
Jo 



00 dk 2 



1 



k V l + tv J 



(D.33) 



which yields: 



dE(Q 2 ,N) N + l 



dlnQ 2 



Q 2 



f°° o/ 1 \^+2 N+l f 00 / 1 \N+2 

/ dk 2 (—^) Boo (k 2 ) = ^- m—r) Boo(tQ 2 /N) , 

JO V l + 7^ / iV JO Vi + lV / 



(D.34) 
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where the change of variable t = Nk 2 /Q 2 has been performed. Moreover at large N, 
eq.(D.25) is equivalent to: 



K L (Q\N) ~ N dx x N ~ l B & Lt00 (W 2 ) = dtfj—r) Boo(tQ 2 /N) , 

large /3 Jq Jq \ L + jj / 

(D.35) 

where i = A^r. For A^ — > oo with Q 2 /N fixed, the right hand sides of eq.(D.34) and 
(D.35) are both equivalent to J °° dt exp(— t) B^tQ 2 /N). Thus at large A" we have, using 
eq.(D.32): 

K L (Q 2 ,N) ~n[ dx x N ~ l B 00 {{l-x)Q 2 ) (D.36) 

large /3 Jq 

dE(Q 2 , N) f 1 x N -^-l dB 00 ((l-x)Q 2 ) 2 
~ dlnQ* ~/ dX ^~x dh^ +®oo(Q), 

which proves eq.(3.20) by inverting back to momentum space. The large- equivalence 
of the two expressions on the right hand side of eq.(D.36) can easily be checked order by 
order in a s using eq.(D.26). 

Finally, I note it is likely that eq.(3.20) can be generalized to all orders in (1 — x), as a 
consequence of eq.(D.16): 



(D.37) 
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